Introduction
The problem of determination and classification of algebraic or differential concomitants for a given geometric objects is in the centre of attention of many mathematicians.In their investigations they use algebraic methods based on group theory and Jordan*s forms of matrices, as well as analytic methods which consist in reducing a functional equation determining the required concomitant to the system of partial differential equations of the first order.
In 1964 one of the authors of this paper (L.B.) has put forward the problem of determination of algebraic concomitants of the tensor T a y y * The determination of algebraic concomitants of the tensor T a/S * is important from the geometric point of view, because by assuming the antisymmetry condition the tensor of such type becomes a torsion S aj <3* in the space with affine connexion L n or in the generalized Riemann span k ce V . Also, the structural constants jr^.
in the finite--dimensional algebras [llj form a tensor of this type.
The known results dealing with the question of determination of algebraic concomitants are presented in papers [3] , [5]» [6]» [7] , and [17] . In paper [17] the author, making use of an algebraic method, has obtained the general form of the scalar concomitants of the tensor in the two-dimensional spa-p ce X without any regularity assumption concerning the functions determining the sought concomitants. In the present paper the authors will apply the analytic method of [XI to determine (in the class of functions C^) the general form of the density (scalar) concomitants and certain allowable sets (zulässige Bereiche [14] ) of an antisymmetric tensor T«« 7 in 3 the three-dimensional space X^. The results of thi~s paper are a generalization of the results given in [3] .
We shall solve the relevant system of partial differential equations (11), without the restricting condition (23) occuring in the paper [3] . This condition restricts the solution to the allowable set T a/3 7 = 0 only.
The density (scalar) concomitants of weight -r
Assume that at a point of the space X there is given an antisymmetric tensor Twith the transformation rule (5) T a « y = -«,/3,r = 1,2,3.
In the n-dimensional space X n , the number N of the essential coordinates of the tensor T^3" fulfilling condition (5) is equal to N = (^n» whence for n = 3, N = 9-In view of (5) let us introduce the following notation:
The sought density (scalar) concomitant of weight -r is a function H of nine variables i=1,...,9, independent of the coordinate system and satisfying the functional equation:
where (8)
1, for W-density sgn J, for G-denisty , and x^, i' = 1', ...,9' are the coordinates of the tensor T a/3 r in a new coordinate system (*') connected to x^, i = 1,...,9 with the aid of formulas (6) and (1).
According to t!he method presented in [83 we assume that HCx^ is a function of the class C^ Using conditions (1) and (3) we differentiate the functional equation (7) with re-spect to the parameters A^ of the transformation pf the coordinate system (A) -(A 1 ) and next we substitute (9) A£= c£ a= 1,2,3, a'= 1',2',3',
where Q^ is the Kronecker symbol. For simplicity, we introduce the following notations (10) H k = k = 1,...,9.
As the result of the above operations performed on the functional equation (7) we get a system of nine differential equations (for the unknown function H) of the first order: To simplify the integration of the system (11) we transform it into an equivalent system in the following way.We replace the equations (11.5) and (11.9) by equations obtained by subtracting from them the first equation of the system (11), respectively: 5 (11.5) -x 1 H 1 + X 2 H 2 + 2xgH 5 + XgHg -2x^11^ -XgHg = 0, (11.9*) * 2 H 2 + 2x^2 -+ XgHg -2x ? Hy -XqHQ = 0.
The system (11) with the modification (11.5) and (11.9') will be called the modified system. Similarly as the system (13) in [3], the system (11) is complete, since its Poisson brackets are the linear combinations of the equations of system (11) with the coefficients equal to -1, 0, 1.
Examining whether the modified system (11) is integrable in a certain direction according to the definition of K. Zorawski D5], or according to the definition of A. Hoborski [93» only on the basis of the completness of the system (11) we come to different conclusions. According to the first definition we can integrate in a certain direction only six equations, and according to the second definition -no more than seven equations. Because of that we must apply an individual method.
Now we indicate essential moments of solving the modified system (11) by integrating it in the direction of the equaations 8,7,2,5»9,4,1,6. The following system of ordinary differential equations corresponds to the partial differential equation (11.8) The system of equations (12) has the following first integrals:
C 5 " X 1 X 5 " X 2 X 4' °6 = X 6 X 8 " X 5 X ! 5 9 C 7 = x 2 + x 6 , C 8 = x 3 x 5 -x 2 x 6
We omit simple calculations
Thus the general solution of the partial differential equation (11.8) has the following form: H = (x4» x Q» ~ X 2 X 4» x 6 x 8 ~ X 5 X 9' (14)
x 2 + x 6' X 3 X 5 ~ x 2 x 6 ) = f^v y 2' y 3' y 4' y 5' y 6' y 7' y 8 ) '
where f is an arbitrary function of the class Substituting (14) into (11.7) we obtain the equation (y2y3 -y-^)^ + (y-|y4 -+ (y-i + y4^7 + (15) + (y5 -y6)^8 = o.
The following system of ordinary differential equations corresponds to the equation (15) dy-, ¿y2 ~ y^4 -y2y3 ~ y-, + y4 = y5 -yg '
The system (16) has the following first integrals: D1 = yr D2 = y2, D3 = yy V^ = y4, D5 = y5+yg (17) D6 = + y4y6 -y i y 4 y 7 + y2 y 3 y 7» D7 = yiy4y8 -y2y3y8 -y5yg.
Expressing the first integrals (17) by means of the primary variables x^, i = 1,...,9 and replacing D^ by D^Dg, after a change of notation, we get
The general solution of the. partial differential equation (15) is a function of the first integrals Zy..z^:
where (¡/ 6 C ^.
It is easy to verify that the first integral w' = w.
In a particular case, when the antisymmetric tensor T^ fulfills the additional condition (22) u a = = 0, oc,Q = 1,2,3 in view of (5), (6) and (22) we obtain (23)
The conditions (23) determine the allowable set Ql2] of the fibre TSl = R 9 of the antisymmetric tensor Ta^» . Mereover, the conditions (23) reduce the system (11) to the system (23) in paper [33 • The solution of such a system of equations can be writteh in the form of a determinant (24) W 1 "
x 3
x 4 x 5 ~x2
The determinant (24) can also be obtained from formulas (20) and (23).
Comparing formulas (20) with (24) and the system (11) with the system (23) in paper [3] (which can be easily obtained from (11) and (23)) and taking into account the fact that the expressions x 1 + Xg, x 2 -x f occur twice as the coefficients of the respective derivatives H^ in the equations of system (11), we suggest that the following determinant is a solution of the homogeneous equations od the modified system (11) (25)
The determinant (25) is a generalization of the determinant w of the form (42) in paper [3] (which after a change of index 7 into 6 fulfills the condition w = -
*
We can easily verify that the determinant w of the form (25) satisfies identically, the homogeneous equations of the modified system (11). The unhomogeneous equation (11.1) is satisfied for r = -1, under the assumption that w = 0.
The determinant w of the form (25) is a G -density of weight 1, i.e. the following formula is valid
To simplify the proof we put (27) w = -w.
We show that w is a G -density of weight 1, i.e. that
In virtue of (25) and (27), we have
In connection with formula (29) we define the following object (3), (30) we get, after a tedious but interesting calculation, that the object (30) is a twice contravariant tensor G-density of weight 1, i.e. after the passage to a new coordinate system (a') the following formula is valid:
In virtue of (29), (30) and (31) we obtain
Making use of the theorem on excluding a common factor in the front of a determinant and using the generalized Cauchy theorem on the determinant of a product of matrices, in view of (32) we get (for n = 3, r = -1)
Now we return to page 6 in order to continue the process of integrating the modified system of equation (11).
To simplify the integration we shall use the fact that the determinants w and w of the form (20) and (25), respectively, are solutions of the homogeneous equations of this system.
On the basis of (20), (18) we verify that the determinant (25) can be expressed in a simple manner by means of the integrals (13) of the partial differential equation (11.8) (after substitution y^ = C^, i = 1, ...,8). Omitting difficult calculations, we have succeeded in representing the determinant w of the form (25) where co is an arbitrary functions of the class C^. In order to simplify the calculation, in the sequel we make use of the following property (see [15] » formula (9): if we substitute into the expression
where H^ are partial derivatives of the function H with respect to the variables x^, k = 1,...n f an arbitrary different iable function § (37) H = § (r., r s ), where T.,..., V_ are differentiable functions of the varia-I s bles x^, then the following formula holds
Substituting again the function (35) into equation (11.7) and solving the system of ordinary differential equations corresponding to it, in view of formula (35) (38) and (39) we get the partial differential equations (41) v2 oc1 + (v4 -v.|) oc3 -v2 oi^ = 0.
To the equation (41) there corresponds a system of ordinary equations
It is easy to verify that the system of equations (42) Substituting the solution (44) into equation (11.5), in view of (38) and (43) we get (45) 2t1 ^ + t4 /34 = 0.
To the equation (45) there corresponds a system of ordinary equations:
The system of equations (46) To the equation (49) there corresponds a system of ordinary equations:
(50) dp 1 dp 2 dp^ dp 4 dp^ = 2p^"
The system of equations (50) where X^ is the operator of the fourth equation (11.4) in the system (11). Since X^ (q 2 ) is arbitrary, we get from (53) the following identity (54) ¿2 a 0, so the function q 2 , q-j, q^) does not depend on the variable q 2 . In virtue of (52) and (54) where X^ is the operator of equation (11.3). Since X^ (q^) is arbitrary, from (56) we get the identity (57) 3i 1 s 0, so that the function X (q 2 , q^, q^) does not depend on the variable q^. On the basis of (55), (57) and (51) the sought function H has the following form
where Q e C^.
Finally substituting (58) into equation (11.1) we obtain the following equation (59) w^ + wq 2 = -r q .
Prom (59), (58) and (21), (26) implies that the function H = Q (w, w) fulfills the condition of the well known Euler theorem on homogeneous functions [93. Thus in virtue of (58), the partial differential equation (59) has the following solution
where for density concomitants (r / 0) G e C^ is an arbitrary positive homogeneous function of rank -r . However, in the case of scalar concimitants G e C^ is an arbitrary homogeneous function of rank zero. It is easy to verify that the function H of the form (60) satisfies identically the last equation of the modified system (11). In virtue of (21) and (26), the following object is a scalar (61) ff-1, w ji 0.
Analogously to the considerations in paper [23 (formulas (36) to (51)), as well as in view of (60) and the fact that the density concomitant H (r £ 0) must satisfy the equation (7), we get and substituting it into the modified system of equations (11), after tedious calculations, we get (for r = -1) the form (65) of the function H.
The allowable sets of the antisymmetric tensor T gy 8 y
In this section we determine some allowable sets of the antisymmetric tensor Tin the three-dimensional space I? and next we decompose the fibre of the tensor T^7 into the sum of these allowable sets. 2) and where P and P' correspond, respectively, to the pairs (o£,yS) and (j'.rf') in a fixed manner.
For n = 3 we can take the following correspondence in the coordinate system (/l)
In a similar way, the index P' corresponds to the pairs (j' t d') in the new coordinate system ( A.' ) . and the indices P' and P correspond in a fixed manner to the pairs (pc' f /3') and (¡r.y) or (3",<f), respectively. Por n = 3 we can take the following correspondence in the coordinate system (/l) :
(74) P = 1, for 7 = 1 P = 2, for Ì = 2 for 4 h P = 3, for 1 = 3 P = 4, for ? = 1 <? = 2 P = 5, for Z = 1 e = 3 • for P s 6, for Ì = 1 $ » 3 A sy* Analogously, in the new coordinate system (A 1 ), the index P' corresponds to the pairs (a', fi).
Paper [15] g ives a notation of the fibre 711 = R m of the linear homogeneous geometri'c object u> . In DsJ we can find also a notation of the transitive fibre 7Kt U(j (containing the element to 0 ). In general, the following formula is valid
The notion of the allowable set W. of a geometric homogeneous object u; is discussed in paper [14] . Every allowable set W. is a sum of the transitive fibres 72Zg.
If a geometric object 8 with a fibre It and the transformation rule of the type (68) is an algebraic concomitant of the object to [15] :
then for an arbitrary transitive fibre ZCS . the inverse image --1 0 H is an allowable set of the geometric object 6 . For two arbitrary transitive fibres Kt^C 37 the following implication halds (77) if 71 ^f) X2 = 0« then H" 1 (}fj)nH" 1 (^) = 0.
The linear homogeneous geometric object 00 of the type (68) and the object (78) 6 = c u>, C e GL(m, R) with the transformation rule (79) 6"= (CPC~1)6-are strictly equivalent [15] (see also the theorem 1,5 in paper [13J). The tensor T^/^ with the transformation rule (1) has the fibre ffl = It is well-known that the tensor T^^ can be uniquely represented in the form of a sum of the symmetric and skew-symmetric parts: On the basis of (1), (69), (70) and (82), the essential components of the antisymmetric tensor Tayg 7 form a geometric object T r with the transformation rule: P
On the other hand, in view of (1), (72), (73) and (81) For n = 3 the fibre of the vector ua is the set U = = R 3 . The vector ua (for n = 3) has two transitive fibres: (87) and (88) it follows that U t 0 Ug « 0, so that taking account of (77) we have mQn mu = O. On the basis of (86), (87), (22), (23) and (90) On thfe basis of (31) the object R ay9 determined by formula (30) is a twice contravariant G-tensor density of weight 1. In this way R*^ is also the algebraic concomitant of the antisymmetric tensor Tap* • If the following condition is fulfilled (93) u a = 0, cc = 1,2,3, then on the basis of (1), (5) and (22) we obtain a relative algebraic concomitant (see [14] ) formed from the six essential components of the antisymmetric tensor Tot/3 • For this purpose we introduce in an arbitrary coordinate system (>i) the following notation:
On the basis of (73) and (75), the object v* defined by formula (94) has the following transformation rule Prom (94) and (95) we see that the object v^ is a G-density contravariant S-vector of weight 1.
Expressing the condition (93) (95) is strictly equivalent to the object formed from the six essential components of the object R^ with the transformation rule (97).
In fact, on the basis of (6), (94) and ( After passing to the hew coordinate system (/*!), on the basis of (100), (30), (31) and (3), we get the following transformation rule for the object w a :
(102) w a . = a =1,2,3, «'=!',2',3«
The object w a (or subobject according to [15] Analogously, let ?J? 2 denote the allowable set of the fibre m_ defined by the system of conditions (105)» i«e. First of all, we decompose the allowable set 13t u into a sum of four disjoint allowable sets ,and next into a sum of an infinite number of disjoint allowable sets. On the basis of (90) and in view of the system of conditions (106) we get the allowable set JTC, of the fibre Til s i a (117) m 3 = m u n h" 1 (w1) n k" 1 (w1).
On the basis of (90) and (107) we obtain (118) = H -1^) n k~1(W2).
On the basis of (90) and (108) we obtain (119) m 5 = 3»r u n H _1 (w 2 ) n iT'tw.,).
Finnaly on the basis of (90) and (109) we get (120) m 6 = m u ñ H " vW 2 ) n K -1 (W 2 ).
1 1 u Taking account of (77) we see that the sets 33,...,3ttg defined respectively by (117) - (120) The allowable set can be represented as a sum of an infinite number of disjoint allowable sets. Namely, to the system of conditions (109) defining the allowable set we add, in view of (103), the condition (122) z t 0.
It is known [15J that the fibre of an abstract geometric object that is a scalar r is the set of all real numbers R, and all transitive fibres are one-point sets {x}, where xeR.
On account of (109), (122) and (76), (77) where the sets W^» k = 1,...,6 are defined by formulas (112), (114) and (117)- (120) respectively, but the allowable set JiTg has the infinite form (123)-Indeed Theorem 2 follows immediately from the formulas (92), (116), (121) and (123).
At the end of this section we present some relations between fibres and allowable sets of the geometric objects occurring in this paper which are algebraic concomitants of the antisymmetric tensor » For this purpose let us introduce the condition (126) R 0 " 3 = 0, 1,2,3,
where the object R a/3 has the transformation rule (31). The condition (126) determines the transitive fibre Z of the object R ay3 which in vitue of (76) determines the allowable set Mj. On the basis of (126), (30), (29) and (104), (107) we have the relation: (127) m7 c u m3 u arc .
Since condition (126) is fulfilled, on the basis of (101), we see that the vector w has two transitive fibres. In Virtue of (76) The investigation of the allowable sets of the antisymmetric tensor T«y in the space X-* presented in this section
